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Summary In this work, a numerical model is developed for modelling coupled Stokes flow
and mass transport in the case of large density variations. The Stokes flow equations are
solved using the Crouzeix-Raviart (CR) approximation. For the transport equation, the
Discontinuous Galerkin (DG) method is used for the discretization of the advection equation
and combined with the symmetric Multi-Point Flux Approximation (MPFA) method for the
discretization of the diffusion equation. A semi-analytical solution, obtained by expanding the
salt concentration and the stream function in double Fourier series, is developed for a
synthetic problem of salt water intrusion in a fracture and used for the validation of the
numerical model.

1. INTRODUCTION

Fluid flow and transport trough fractures are important in environmental and petroleum
engineering [1]. In this paper, we develop an accurate numerical model to simulate transport
of salt water through cavities or fractures. In this case, the flow equations and the solute
transport equations are coupled by the state equations linking density variations to mass
fraction. In this work, the flow through cavities is considered steady and laminar and the
inertial forces in the flow field are assumed to be negligibly small compared with the viscous
and pressure forces. Therefore, the free-flow is governed by the Stokes equation [2, 3, 4, 5, 6,
7, and 8]. Different methods can be used for the discretization of the Stokes equation [9]. We
use in this work the Crouzeix-Raviart (CR) approximation based on the nonconforming
piecewise linear finite elements for the velocity and the piecewise constant finite elements for
the pressure. For the transport equation, the Discontinuous Galerkin (DG) method is used to
discretize the advection equation and combined with the symmetric Multipoint Flux
Approximation (MPFA) method for the discretization of the diffusion equation [10]. The DG
method allows to obtain a robust and accurate numerical scheme for problems involving sharp
fronts [11]. On the other hand, the MPFA method is locally conservative and handles general
irregular grids [12, 13, 14]. The MPFA and the DG discretization can be gathered into one
system matrix without operator splitting [10]. Flow and transport equations are solved
sequentially using a non iterative scheme with proper time management based on local
truncation error control as in [15]. To validate the numerical code, we develop a semi-
analytical solution for a synthetic problem of saltwater intrusion trough a cavity. This problem
is obtained by replacing the confined aquifer (flow governed by Darcy flow) in the well
known Henry [16] saltwater intrusion problem by a cavity (flow governed by Stokes free-
flow). As with the standard Henry problem [16], we develop a semi-analytical solution by
expanding the concentration and the stream function in a double set of Fourier series.
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2. MATHEMATICAL MODELS

Single-phase steady incompressible flow through a fracture is governed by the Navier-Stokes
equation:

p(u.V)u+Vp—,uV2u:pg (D)
and the continuity equation:

Vu=0 2)

where p is the fluid density, u is the velocity vector, p is the pressure, g is gravity, and u
is the dynamic viscosity.
We assume that the flow through the fracture is sufficiently slow to consider the inertial forces
in the flow field (the first nonlinear term in equation(1)) negligibly small compared with the
viscous and pressure forces. Therefore, in this case, the free-flow is governed by the following
Stokes equations [17, 18, 19]:

Vp—1V'u=pg 3)
Vu=0 4)

In this work, three kinds of boundary conditions are used with this system:
0 The velocity u is prescribed on the boundary;

0 Free outflow boundary condition y(Vu);]— py =0 with # the outward normal vector

to the boundary;
0 The pressure p is prescribed at the boundary. Note that in this case, we set also the

velocity components in the tangential direction to zero on the same boundary as used
in [20, 21, 22, 23, 24]. This condition is named Normal flow/Pressure or straight-out
boundary condition.
Solute transport in the free-flow region can be described by the following convection-
diffusion equation:

€ +uVC =DV’C (5)
ot

where C is the solute mass fraction and D is the molecular diffusion coefficient.
Flow and transport equations are coupled by the linear state equation linking density to mass
fraction:

p=p,+(p-p)C (6)

with p, the density of the injected fluid and p, the freshwater density.

The boundary conditions for the transport equation are of Dirichlet type (C is fixed) or a
convective boundary type (0C/0n =0 where # is the direction normal to the boundary).

3. STOKES FLOW DISCRETIZATION

The system (3)-(4) cannot be discretized with the same order for pressure and velocity
approximations due to stability conditions. Otherwise some sort of stabilization is added to the
mixed formulation [25]. To avoid these difficulties, we use the non-conforming Crouzeix-
Raviart (CR) elements for the velocity approximation in combination with constant pressure
per element, since they satisfy the Babuska-Brezzi condition [26, 27, 28]. This condition is
central for ensuring that the final linear system to solve is non-singular [9]. Moreover, the
non-conforming Crouzeix-Raviart (CR) element has local mass conservation properties [29]
and leads to a relatively small number of unknowns due to the low-order shape functions. The
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CR element is used in many problems such as the Darcy-Stokes problem [30], the Stokes
problem [31] and the elasticity problem [32, 33]. The CR element gives a simple stable
optimal order approximation of the Stokes equations [34]. In the following, we recall the main
stages for the discretization of the Stokes equation with the CR triangular element.

With the non-conforming finite element method, the degrees of freedom for the velocity

vector u are the two component (U;,v;) of u at the midedge i facing the nodei. Inside the
element E , we assume a linear variation of the velocity components (U ,V¢ )

Ug = ui(/’iE +Uj(0jE +uk(/’kE ' Ve :Vi(piE +Vj¢’jE +Vk(pkE (7
For an interior edge, the linear interpolation function ¢ for the velocity is nonzero only on
the two adjacent elements E and E’, where |E| is the area of the element E, X, and z; are
the coordinates of the vertex i of E. The interpolation function ¢° equals 1 on the midedge
i and zero on the midedges j and k of E.

The variational formulation of the Stokes equation (3) using the test function ¢, over the
domain Q writes:

J V(v = pl)gr =] pgV2n (®)

Q

where Vu is the gradient of the velocity vector u# and I the 2x2 identity matrix.
Using Green’s formula,

[ (uVu —pI)nq- IV #Vu —pl)g jngY% ©)
o

The first integral contains boundary conditions. It vanishes in case of free-flow boundary or in
case of an interior edge i. In this last case, equation (9) becomes

~[V.(uVug = peI)pf —[V.(1Vue —ped jpng. +jpng. (10)
E E’

Using (7) and (8), we obtain
> (AXAX) +AZ'AZY u,

AZ' =
_IV'(ﬂqu - pEI)@E :(A iJPE _é 131 (11)
E Z(Ax AX) +AZ' A7 )

and

. _ AZ'
[paveef =peg(z-2)| (12)
where AX' = X; — X%, and AZ' =7, -1 ;» Zg and Z; are respectively the z-coordinate of the
centre of E and of the midpoint of edge i, p. and p. are respectively the mean density and

pressure over E .
The finite volume formulation of the continuity equation (4) over the element E writes:

[vu=0 (13)

using (7), it becomes
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i(Azjuj+ijvj):O (14)

j=1

4. TRANSPORT DISCRETIZATION

For the transport equation, standard numerical methods, such as standard finite elements or
finite volumes, are known to generate solution with numerical diffusion and/or non-physical
oscillations when advection is dominant. These problems can be avoided with DG [35].
Indeed, DG leads to a high-resolution scheme for advection that has been proven to be clearly
superior to the already existing finite element methods [36].

In this work, the explicit DG method, where fluxes are upwinded using a Riemann solver is
used to solve the advection equation and combined with the symmetric Multipoint Flux
Approximation (MPFA) method for the diffusion equation.

The transport equation (5) is written in the following mixed form

%w.vc +V.(up)=0

(15)
u, =-DVC
The dispersive flux u is assumed to vary linearly inside the element E , therefore,
1
V., :HZQSGE (16)

where Qp . = j up M. 1is the dispersive flux across the edge OEi of E.
OEi

We use the P1 DG method where the approximate solution C,(x,t) is expressed with linear

basis functions ¢~ on each element E as follows:
3
Cy(xt)[e=D CF(t) 47 (x) (17)
i=1

where C° (t) are the three unknown coefficients corresponding to the degrees of freedom

which are the average value of the mass fraction defined at the triangle centroid (X,Z.) and

its deviations in each space direction [37] with the corresponding interpolation functions:
¢ (x,2)=1 ¢ (x2)=x-Xc, ¢ (X, 2)=2-TZ,. (18)

The variational formulation of (15) over the element E using ¢iE as test functions leads to
(see [10] for details),

dcE
Qs
dcci;tE CIE ClE . C]Ef, ; D,j
[A] dtz =[B]| ct —[M"] ct —Z[M"] CE U+l 0 (19)
dC . C3E C3E (=1 CsEf, 0
3
dt

with,
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i=e5e B, = [ ¢ uv4

E

Ne
Q= s L= Q& El _
; |6E£| a'|[€¢l ¢j ’ Mi,j _(1 6E( |8E€| 5'|L¢ ¢ (€ 1,..,3)

where Ej is the adjacent element to E such that OEj is the common edge of E and Ej and

Q%, = | un.. the water flux across OEj . The upwind parameter A%, is defined b
oE/ Hoej p p GEY y

OE/
{1 if Uty 20

AL = _
0 if Ut <0

OEj

(20)

5. VALIDATION OF THE DENSITY-COUPLED FLOW TRANSPORT PROBLEM
5.1 The semi-analytical solution of saltwater intrusion trough a cavity

To validate the numerical code, a semi-analytical solution is developed for a synthetic
problem of saltwater intrusion trough a cavity. We consider an idealized rectangular cavity in
which freshwater enters with a constant flux rate Q from the left boundary. A hydrostatic
pressure is prescribed along the right boundary where the concentration is fixed to salt-water
concentration. The top and the bottom of the domain are impermeable boundaries. The
saltwater intrudes from the right until an equilibrium with the injected freshwater is reached.
The Stokes equations (3)-(4) are written in the following form:

P (P du)
OX # ox*  0z*

2 2
8P+ 8v+a =f 21)
0z ox* oz’
a_u+ﬂ:()
oX 0z

where the body forces f can be written using (6) in the following form,

f :[po+(p1_p0)c]g (22)
The last equation in (21) implies the existence of a stream function ¢, such as:
u=% and Vz—% (23)
oz OX

Inserting (23) into (21) leads to:
ot 4
[a¢ 10 09 +a¢}

oC
=—(p, - p)I = 24
ox* T oxtezr o7t (o1 =p0)9 0z 24)

As in [16, 38], we define the following new variables:

X'=x/d, z’=z/d, u'=ud/Q, V'=vd/Q, u' =oy'/oz', V' =-0y'/oX, w =y'—7" (25)
where X"and z' are non-dimensional coordinates, u’ and V' are the non-dimensional
velocities and ' the non dimensional stream function.

Using (25), eq (24) leads to:
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4 4 4
a 81/4/+2 821//2+61/4/ =— @+l (26)
OX ox0z° oz ox &
with a= # and & = L the aspect ratio of the domain, where L is the length and
(pl - po)gd d

d is the depth of the domain.
Similarly, the change of variables applied to the mass transport equation (5) (see [16, 38] for
details) leads to:

2 2
p[ $€ , &) _ay X o 10y o 1 @
ox- oz 0z ox ox oz & o ox ¢

) D ) ) ) )
with b =— and C is now the non-dimensional concentration.

The stream function and the concentration are represented by double Fourier series of the
form:

v=3SA, sin(m;rz)cos(mr?) (28)
C= i i B, ; cos(rzz)sin(sm ?) (29)

Il
o
3

1l

r 1

Substituting these relations into equations (26) and (27), multiplying equation (26) by

4Sin(g7Z'Z)COS(h7T§) and equation (27) by 4c0s(gﬂz)sin(h7r§), and integrating over the

rectangular domain gives an infinite set of algebraic equations for A, and B namely,

ar A, (07 =iB,,th(g,r)+%W(g,h) (30)

h2 0 ) 4
€1b772'3g,h(92 +?)§ = Z(; Ag,ngN(h’n)_'_ngl: B, SN (h,s)+Quad +;W(h, 9) (31)

Details about the parameters &, &,, N,W,Quad , can be found in [16].

5.2 Validation of the numerical model

We consider a synthetic example where the domain is discretized with a regular triangular
mesh of 3200 elements. The flux at the left (inland) boundary is Q=0.92m’s™" and the
diffusion coefficient is set to D =0.046m’s™", the densities of freshwater (at the left
boundary) and saltwater (at the right boundary) are respectively p, =1000kgm~ and
p, =1015kgm~. To avoid very small values of the parameter a for which, we cannot obtain

a converged semi-analytical solution, the viscosity is set to g =1Pas in this synthetic
problem. The corresponding parameters for the analytical solution are

D

a=—*% ___ 0006 and b=2=0.0.
(L —py)9d Q

To reduce these oscillations, the semi analytical solution is performed with a new truncation

using 424 coefficients of the Fourier series with 214 terms (A1“7,o“30) for the expansion of the
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stream function and 210 terms (Bouemo) for the expansion of the concentration. A good

agreement is observed between the semi-analytical and numerical results in this case (Figure
1). These results demonstrate the validity of the numerical model. The developed analytical
solution can be used for the validation of other numerical codes.
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Figure 1: Semi-analytical (dashed lines) and numerical isochlors (solid lines) and numerical
velocity field for the saltwater intrusion problem through a cavity. The semi-analytical
solution is calculated using a truncation based on 424 coefficients for the double Fourier
series.

6. CONCLUSION

In this manuscript, we developed an efficient numerical model to simulate transport of
saltwater through cavities or fractures. In this case, the flow equations and the solute transport
equations are coupled by the state equations linking density variations to mass fraction. The
model is developed for a general triangular mesh and uses the CR finite elements for the flow
discretization, the DG method for advection and the symmetric MPFA method for diffusion.
The developed model is used for the simulation of a synthetic problem of saltwater intrusion
trough a cavity. This problem is adapted from the saltwater intrusion problem of Henry [16],
by replacing the confined aquifer by a cavity. The semi-analytical solution is developed for
this problem by expanding the stream function and the concentration in double Fourier series.
The algebraic equations are then solved using the Levenberg-Marquardt algorithm [39]. The
analytical solution is developed for a new truncation (424 terms). With the new truncation, the
unphysical oscillations are reduced for the semi-analytical solution and a good agreement is
observed with the numerical solution.
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